CORPORATL

INSTITUTE OF SCIENCE AND TECHNOLOGY, BHOPAL

"Education to All for Excellence" UNIT-5: Sem-1l, Sub: Mathematics -11, BT-202 ,

Name of the faculty: Dr. Akhilesh jain

A vector has both a magnitude and a direction. A scalar has only a magnitude, no direction. Vectors are

indicated by an arrow over the symbol, e.g. the velocity vector is written asv. Vectors are represented by
arrows. Length of arrow = magnitude of vector.

Examples:
Vectors: acceleration, velocity, displacement, force, electric field.
Scalars: speed, distance traveled, time, electric potential

Differential Geometry

Position vector: F(t)=x(®)i +y(t) j+z(t)k or F=xi+y j+zk

Velocity: v(t)=d—r=%f+ﬂj+glz
d dt dt dt
dr ds | =
—|dt, —R'(t)|HV(t
dtl pm | R'(t) |H v(t) |

O 2 2
Acceleration: a(t):d—vzd 2r:d ;f+d 2y¢+d sz
dt  dt© dt dt dt

Arc length: s(t) = J.tt12|

DIFFERENTIATION OF VECTOR VALUED FUNCTIONS:

_ 2.
Q1. If F=t3+t2+t)i+(t%+t)j+(t+Dk then find ‘;—; and ‘:'j_zr
t
s 2. 2.
Q2. If r=acosti+asintj+tk then find d_r , d—rand. d_r
dt * dt? dt?
Q3. If G=t%i—tj+(2t+1)k and V = (2t—3)i+ j—tk then find %(u.v) att=1 [June 15]

Q4. A particle moves along the curve x=t3+1,y=t2,z =2t+5 then find velocity and acceleration at
the time t=0 and t=1/2m. [Ans: v=4j+6k , a=-4i and v=-4i+6k , a= -4j]

Q5. A particle moves along the curve x=4cost,y =4sint,z =6t then find the component of velocity
and acceleration at the time t=1 in the direction of i+j+k.

i+j+3k i+ j+3k
i+j+3k i1

[Ans: v=3i+2j+2k , unit vector A= , Component of velocity=

VA=Bi+2] +3k).% — 11, component of acceleration = a.A = (6i + 2 j). . +J1i13k = «/i_l

Q6. If r.dr =0be the unit vector in the direction of r show that & :{HZL:JFZK
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Q7. If F=xi+yj+zk=xi+axj+bxk ,and fzﬁ = const. then show that r =constant. [Jan.2007]
r

[Hint: rxdr =(ydz —zdy)i + (zdx —xdz) j + (xdy — ydz)k =0=0i+0j + 0k , on solving we get

ax dy gz , after integration we get y=ax, z=bx , then 7 = xi+ yj + zk = xi +axj + bxk , and r—| |_const.]
X 'y z
Integration of vector valued functions:
F(t)=5t% +tj —t3k p
Q8. 1f T(O)=S+U =K then fing [Fdt [Ans:-5/6 i+14/3j-3K]
S d%F
Q9. If F(t)=5t% +tj—tk then prove that jfxd—z dt =-14i+75j —15k [June2006]
t
B 2i—j+2k, t=2 2 dr
Q10. If F(t)=4 . then show that j F.—dt=10 [Dec.2006]
4i—-2j+3k ,t=3 dt
. o _d%r . _ dr
Q 11. Find the value of F satisfying the equation d_2: a,giventhatatt=0, r=0and E:o
t
[Ans: leat2
2

SCALAR AND VECTOR FIELDS:

Definition : A scalar field is a scalar valued function ¢(X, y, z) of three variables x, y, and z.
An example is
o(X, ¥, 2)=x*+y* +7°.
For this ¢, if o(X, Yy, ) =C, a constant, then it represents a sphere with centre at the origin.
Definition A vector field is a vector valued function F(x, y, z) of three variables. An example is

F(x, y, 2)= % provided x*+y?+2z*#0.
X“+y +z
GRADIENT:
We note that the vector differential operator del, written Vv is defined by
Vor V—ii +ij+£k
ox oy oz

The operator V possesses properties like ordinary vectors.
Definition Let ¢(X, y, z) be a given differentiable scalar field, then the gradient of ¢, written Vegis

defined by
vo=|Ziv 2jiOklp =99;,90; %0
ox oy~ oz ox oy~ oz
We note that grade = Vo defines a vector field.
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DIVERGENCE AND CURL

We have seen that gradient describes the rate of change of a scalar field. Now we consider the
problem of describing the rate of change of a vector field. There are two fundamental measures of
this rate of change: one is divergence and the other is curl. The divergence of a vector field is a
scalar field and the curl of a vector field is a vector field.

DEFINITION: The divergence of a differentiable vector field F = f;i + f,j + f3k is a scalar
field, denoted divF or V-F defined by

of, of, of
divF:—1+—2+—3:i-E+'-%+k-f=V-F.

oXx oy oz OX ) oy 0z
V-F isread del dot F. We note that V-F is a scalar valued function.

» Avector is solenoidal if its divergence is zero.

DEFINITION: The CUr| of a vector field F = f,i + f,j + f3k is the vector field, denoted by curl F
or VxF, defined by

i j kK
> |10 o0 0 F . OF oF
curlF=— — —|=ix—+jx—+kx—
oX oy oz OX oy oz

T 3

V xF is read del cross F. We note that V xF is a vector valued function.

> Avector Fis Irrotational if its curl VxF is the zero vectors (i.e. VxF= O).

> A vector valued function F is a conservative field if it is Irrotational. (i.e. if curl F =0).

Vocabulary (arising from considering the vector field as fluid flow lines):

When the curl is non-zero, the fluid tends to rotate about an axis parallel to the direction of the curl.
When the curl is zero, the fluid does not tend to rotate, and thus is called “irrotational.”

When the divergence is positive, there is a “source”; more fluid flows into a region than flows out.
When the divergence is negative, there is a “Sink’; more fluid leaves a region than flows into it.

When the divergence is zero, we call the flow “source-free” or “incompressible” because the amount of

fluid that flows into a region is equal to amount that flows out

Q.2. Find gradient of the scalar function ¢(x, y,z) = x? + y? —z at the point (1,2,5). [Junel6]
Q.3. Define divergence of a vector point function and explain its meaning. [June 16]

Q.4.  Showthat (i) divF =3 (ii) curl T =0(iii) divf :% (iv) curl £ =0
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Q.5.

Q.6.
Q7.

Q8.

Q..
Q.10.

Q.11.

Q.12.

Show that (i) gradr="r (ii) grad%:—L2 (i) grad r" =nr"%¢ [Dec.11, Junels]
r

Prove V2(r"F)=(n+3)r" ¢

Fing div(eurl E) F- X2yi + xzj + 2yzK . [Nov. 2019]

'where

Find divF and curl F when F = V(x® +y® +2° —3xyz)

If E =(X+y+1) it }—(x+ y)Iz prove that E.curl E =0 [June .2004,Jan.2006]

H m m-2
Prove that div grad r™ =m(m-+1)r [June 2003,08, Dec. 2008 ,Junel5]
Find A if divgradr™=Arm? [June2004]

Prove (i) Vf(r)=f '(r)? (i) V2f(r)= f"(r)+% f (r) [june 2001,Dec.2002,june2008]

SOLENOIDAL AND IRROTATIONAL VECTORS :

Q.13.
Q.14

Q.15.

Q.16.

Q.17.

Q.18.

Q.19.

Show that F = (x+3y)i+(y—2z) j+(x—22z)k issolenoidal.  [Dec.2003,Dec.2010]
Show that the vector field F = V(x®+ y* +z° —3xyz) is Irrotational. [ June2007]

- - -
Prove that (1)divr" r =(n+3)r" (2) curlr" r =0 (3) r" ris solenoidal then n= -3.

Show that the vector field x2+y? =a? ,z=0 is Irrotational. [Junel6]
Prove that f(r)r is Irrotational. [Dec.15]
- T . : . .

Show that the vector F =— is Irrotational. Find the scalar potential. [Dec.16]

r3

Determine the constants a,b,c, so that F = (x+ 2y + az) it (bx -3y —12) }+ (4x+cy +22) Kis

Irrotational. Find the scalar potential @ such that F = grad¢[ Ans:a=4,b=2,c=-1]

UNIT NORMAL VECTOR:

1)

)

(3)

(4)

To a line passing through a point &= — _ Xityj+zk

El Y+t

To the surface @ is &= grad ¢ _ Ve (if point is given then find grad ¢ at the given point)
lgrad ¢| |Vl
To a line making an angle 6 from x-axis a= cos 6! +s!n 01_
|cos 6 +sin 6|
X Y=Y I-1, li + mj +nk

= ’é_:

m n ‘\/I2+m2+n2

: X
To a line segment I
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Hence unit normal vector at a point P in the direction of ¢ is given by fi= grade =E.
|grade| Ve

Q.2.  Find the unit normal vector to the surface x* —3xyz + z* +1at the point (1,1,1)
Q.3.  Find the unit normal to the surface xy®z* =4at the point (-1,-1,2) [June07, feb.11]
[Ans: fi— gradg i+3j-k
lgradg| A1
Q.4. The temperature of points in space is given by T = x% + y? —z . A mosquito located at (1,1,2)
desire to fly in such direction that it will fly in such direction that it will fly in such direction
that it will get warm as soon as possible .In what direction should it move.
_gradT  2i+2j-k
|gradT| 3

DIRECTIONAL DERIVATIVE:

[Hint: A

The component of Vein the direction of a unit vector a is given by
HJ‘ f(x,Y, z)dv:HI f(x,y,2)dxdydz  and is called the directional derivative of ¢ in the direction
D D ’

of a. Physically this is the rate of change of ¢ at the point (x, y, z) in the direction of a or 5 .
Another Definition for Directional Derivative

Let o(X, y, z) defines a scalar field in a region R. Let AB be a line segment passing through (xo, Yo, Zo)

parallel to a given unit vector a. Let s denote the displacement measured along the line segment in the

direction of a, with s = 0 corresponding to (Xo, Yo, Zo). To0 each value of the parameter s there corresponds

a point (x, y, ) on the line segment, and hence a corresponding scalar ¢(X, y, z). The derivative 3—([’ ats

s

= 0, if it exists, is called the directional derivative of ¢ at the point (Xo, Yo, Zo) in the direction of the

vector a. Briefly speaking, the directional derivative of ¢ is the rate of change of ¢ per unit distance in
some prescribed direction.

By the Chain Rule, since X, y, z are functions of s, we have

dr

d_(P:a_(P%_i_a_(pﬂ_}_a_(pE: a_(p|+a_(PJ+@k (%I—Fﬂj—i_%kj :V(P_

ds oxds oyds ozds (ox oy~ oz ds ds” ds ds

. dr . . . . A
Since ™ IS a unit vector, and if we denote it by &, then
s

Directional derivative of a function ¢ in the direction of vector a is given by

D.D. :?j_(spz gradpa=Veo-a,
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Remarks
1. If 6 is the angle between grade and &, then

Directional derivative of a function ¢ = ((jj—(P =Vg-a=|Vel|[alcosd =|Ve|cosd . (since |3 =1)
S

It also follows that the maximum value of (;—(p IS obtained when 6 = 0 i.e. when grade and a are in
S

the same direction and the maximum value is [V|.

i.e the maximum value of directional derivative is in the direction of grad ¢.
2. If o(x, Yy, z) =c be alevel surface through the point P (xo, Yo, Zo). Then

d—(p:O, so that ch.ﬂzo. ..(1)
ds ds

Since % is the unit tangent vector at (xo, Yo, Z0), Eqn. (1) shows that V¢ acts in a direction perpendicular
s

to the direction of the tangent i.e., Vo acts along the normal to the surface at P.

Q.5. Find the directional derivative of ¢ =Xxy+ yz+zx in the direction of the vector i+2j+2k at
the point (1,2,0). [Junelb, Dec.16]
Q.6. What is the directional derivative of ¢ = xy* + yz*at the point (2,-1,1) in the direction of the

normal to the surface xlogz—y* =—4at(-1,2,1).

Q.7. Find the directional derivative of ¢ = 5x2y—5y22 +gzzx at the pointP(1,1,1) in the direction of

the lineX=2_Y=3_2 [June 2008,Dec.15]
2 -2 1
[Ans: é:%: I!+mj_+nk :2|—21+k | D.D.zﬁ
& [li+mj+nk| 3 3
Q.8.  Find the magnitude of directional derivative for the function ¢=— y > Which makes an angle
X“+y

of 30° from the positive direction of x-axis at the point (0,1). [Ans:-1/2]
Q.9. In what direction from the point (2,1,-1) is the directional derivative of ¢ = x?yz® maximum and
what is its magnitude?
[Ans: Required direction is gradg=—4i—4j+12k ,maximum rate of change =|gradg| = 4411
Q.10. Find the values of the constants a,b,c so that the directional derivative of ¢ = axy® +byz +cz*x*at
(1,2,-1) has a maximum magnitude 64 in the direction parallel to z-axis.

Q.11.  Find the directional derivative of 1/r in the direction of r .. [Hint: grad (%) = —%,
1
D.D.: ——2

r
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Q.12.  Find the directional derivative of 1/r>. in the direction of T . [Ans:;, D.D.= —%]
r

VECTOR INTEGRATION:

LINE INTEGRAL - An integral which is evaluated along a curve .
3 Curve C: R(t) = x(t)l + y(t) ] + z(t)k, a<t<b

3 Vector F(x,y,2)=F, (XY, 2l + F, (% Y,2) ] + F; (%, y, 2)k

b
jﬁ .dr =j: FIx(), y(t), z(t)] - 7 '(t)dt =jﬁ.dr,
C a

Circulation: The integral of a vector F along a closed curve is called circulation of F round the closed
curve C. i.e. I F.dr

C
Irrotational vector: A vector F is called Irrotational in the region R if the circulation of F round every

closed curve in is zero. i.e. '[ Fdr=0.
C

Remark: When the path of integration is closed curve then notation <j§ is used in place of I .

Q.13.  Evaluate J' F.dF where F = (xzyz)?+ y ] and the curve C is y? = 4xin XY-plane from (0,0) to
C

(4,4). {Ans: 264] [Junel6]

Q.14.  Evaluate _[ F.dF where F = yzi+zx j+xyk and the curve C is arc of the helix
C
r=acosti+bsintj+ctk from t=0 to n/2. [Hint : put x=accost ,y=bsint, z=ct] Ans:0

Q.15  If F=2yi-zj+xK, evaluate j F xdR along the curve x =cost,y =sint,z =2cost from t=0
C
- = 7. 1..
to 7/2. [Ans: [ FxdR = (- i+(=)i] [June 06, sept.09]
C
Q.16.  Find the total work done in moving a particle in a force field given by

=(x*—y*+X) i (2xy +Y) ] in XY- Plane from (0,0) to (1,1) along the parabola y*=x. [Ans:
F.dr =-2/3]

oe— T
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Q.17.  Find the total work done in moving a particle in a force field given by E: 3xy iA— 5z }+10xlz

along the curve x = t?+1, y=2t*, z=t* fromt=1to t=2. [Ans: j F.dF = 303] [Dec.2002]
Q.18. IF Ez 3xy ?— y} , evaluatej E .d ?,Where Cis the arc of the parabola y =2x°from (0,0) to

Cc

1,2). [May. 2019]

Q.19.  Evaluate _[ F.dF where F = (x> + y"')?— 2xy ] and the curve Cis a rectangle in XY-plane
c
bounded by x=0,x=a,y=0, y=Db.[ Hint: IF.dr =1/3a’ —ab* -1/3a’ —b’a=-2ab’]
C

Q.20.  Find the circulation of F around the curve C where Ez e*sin yiA+ e* cos y} and C is the

rectangle whose vertices are (0,0),(1, /2),(1,0),(0, /2). [June 01,2003]

i Hint:IF.dr
C

Q.21. Find J.F.dr ,where F =(°—vyz) ?— X%y ]+ zlz ,where C denotes the Curve bounded by the

planes x=0 ,x=a ,y=0, y=a, z=0, z=a

[Ans: IF.dr =(a° —Ea“)+(ia“)—(Ea5)+(0)+(2a2)—(2a2) _1gs
2 4 4 3 3
Q.22.  Find jF.dr , where F = (x* + yz)?— 2xy} taken round the rectangle bounded by the line
C
= 1 1 1
x ==+a,y=0 y=b. Ans: [ F.dr =042 a +-a’-=a’==a’
y=0y [ l Jal-sal =2
[Hint: Equation of line ( two point Formula: X=X _Y7% k(let)
X=X Y=Y
Q.23.  Find J.F.dr , Where E =y? i+x2 }—(X—F z)k where C is the boundary of the triangle with
C

vertices (0,0,0),(1,0 ,0) and (1,1,0). [Hint: Equation of line ( two point Formula:

X2 _Yoh :k(let),jﬁ.dr—0+1—§=1
C

-X Yo=Y 3

8

By : Dr. Akhilesh Jain, Corporate Institute of Science and Technology, Bhopal) Mob. 9827353835



C ORPORATE INSTITUTE OF SCIENCE AND TECHNOLOGY, BHOPAL

LECTURE NOTES : VECTOR CALCULUS BY DR. AKHILESH JAIN

SURFACE INTEGRAL:

Surface integral: An integral which is evaluated over a surface is called a surface integral.3 Surface
S: z=¢(x,y). If z=¢(x,y) has a projection on the xy-plane, then 3  \ector

F(xY,2)=F (X Y, 2)i + F,(x,Y,2) ]+ F,(x Y, 2)k
The component of F along the normal =F.A = , where i :g = grad¢
il |grad¢|

dxdy

unit normal vector to an element dS . Where dS =T (for XY- plane),

dy dz dzdx

ds = (for YZ- plane), ds =—— (for ZX- plane).

Surface integral of F over S =Z FA= ”s( FA)ds

Flux across a surface: The normal surface integral of continuous vector point function F ona

surface S , i.e. [[(Fn)dS is called flux of F across the surface S. F represents the velocity of a liquid.
S

> If ”s( Fi)ds=0 then F is said to be solenoidal vector point function.

Surface integrals have applications in physics, particularly with the theories of
classical electromagnetism.

Q.24.  Evaluate ” (F.n)ds where F =182i-12x j+3yk and S is the surface of the plane

2X+3y+6z =12 in the first octant. [Jan.06]
[Hint: fi— grad ¢ _ grad(2x+3y+6z-12) _ 2i+3j+6k S:M:w
lgrad¢|  |2x+3y+62=12] 7 il |67
61232x
= (3 x), Ans: H(F n)ds = j | 72 - )|dxldy| 24
0 , for limits put z=0 in xy plane

Q.25.  Evaluate ” F.nds where F =zi+x j—3y?zk and S is the surface of the cylinder x>+y? =16

included in first octant by z=0 and z=5. [Dec.15]

Q.26.  Evaluate H E.ﬁds where E =(X+ y2)€— 2X }+ 2yzl2 and S is the surface of the plane

2X+ Y+ 2z =6 in the first octant. [Dec.16, May. 2019]

Q.27.  Evaluate ” E.ﬁds where E =4xz ?— y? }+ yzlz and S is the surface bounded by the planes

x=0, x=a, y=0, y=a, z=0, z=a

9 | By : Dr. Akhilesh Jain, Corporate Institute of Science and Technology, Bhopal) Mob. 9827353835
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Q.28.  Evaluate HE nds where E = xi— yj+(z° =1k and S is the surface bounded by the region

x* +y?=4,2=0,and z=1. [Ans: 4m ]

Hint: Base S;: Circle x’+y’=4,z=0, then F =xi—yj+(0°-1)k , A=—k
) ”(F.n)ds1 = Hlds1 =s =)’ =x

s 5
On'S,, Circle x*+y’=4,2=1, then F =xi—yj+(1* -1k , A=k,

[[(F.nyds, = [[ods, =0

S2

On curved surface S;: ¢=X2+y2,ﬁ: grad ¢ R |
|grad 4| \Iix2+y2 2

(s, = [[ =Y s, <0,
S. ’ S 2 ?

P >€£ Z-axix 5,
<
N_|

4//53

Y-axix

=g

-k Sl

X-axix

For integration : put x=2cos9 ,
y=2sin0, z=z, ds=2d6dz, 6:0 to
2w, z.0to 1

Q.29. A vector field is given by F =sin yi+x(1+cosy) j, evaluate the line integral over the circular

path given by x? +y? =a? ,z=0.

[Dec.15]

VOLUME INTEGRAL

A volume integral refers to an integral over a 3-dimensional domain, that is, it is a special case of
multiple integrals. Volume integrals are especially important in physics for many applications, for

example, to calculate flux densities. t can also mean a triple integral within a region D < R® of a function

f(x,y,z)isusually written as: ”L f(x,y,z)dv= HL f(X,y, z)dxdydz

Q.30. If E = (2x* —32) iA— 2Xy }—4xl2 , then evaluate MV Edv where V is bounded by x=y=2z=0

and 2x+2y+z=4.

Q31 If A=2xzi—x j+y?k then evaluate J'” Adv where V is the region bounded by the surface

x=0 y=0,x=2,y=6, z=x?, z=4.

jj(wﬁ)dA:F-d@

STOKE’S THEOREM: Let S be a regular surface with coherently oriented boundary C,

Q.32.  Verify Stoke’s theorem for the vector field F = X? i+ xy j integrated along the square whose

sides are x=0,y=0,x=a and y=ain the plane z=0.

Q.33.  Verify Stoke’s theorem for F = (x* + yz)iA— 2xy} taken round the rectangle bounded by the

line x =+a,y=0 y=b.

[Junel5,16]
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Q.34.  Verify the Stoke’s theorem when F =(2x—y) i yz* }— yzzlz and S be the upper half surface
of the sphere  x*+y?+z°=1

Q.35. Verify the Stoke’s theorem for the vector field F =z iA+ X ]+ ylz taken over the upper half of
the sphere x*+y?+z°=a” lying above the xy —plane. [Dec.15]

Q.36.  Verify the Stoke’s theorem for the vector field F = (2x— y)i—yz? j— y2zk over the upper half
of the surface x?+y’*+z°=1 bounded by its projection on the xy —plane.

Q.37. Apply Stoke theorem to evaluate j[(x + y)dx + (2x — 2)dy + (z + y)dz] where C is the boundary
of the triangle with vertices (2,0,0),(0,3,0) and (0,0,6). [Dec.16]

Q.38. Apply Stoke’s theorem to find the value of _[(ydx + zdy + xdz) where C is the curve of
intersection of X*+y’+z°=a’and x+z=a

Q.39. Verify Stoke’s theorem for the vector field F = (x* —y?) i+ 2Xy ] integrated round the
rectangle in the plane z=0 and bounded by the lines x=0,y=0,x=a,y=b.

Q.40. GAUSS DIVERGENCE THEOREM: Let S be a regular, positive-oriented closed surface,
enclosing a region V, <ﬁ_f> F.dA= Hj(v F)dxdydz = _U divF dv .

S \Y v

Q.41.  Verify divergence theorem for F =x° ?+ z }+ yz IQ taken over the cube bounded by
x=0,x=1,y=0,y=1,2=0,z=1,

Q.42.  Verify divergence theorem for F = x° ?+ z }+ yz IQ taken over the rectangular paralleopiped by
by x=0,x=a,y=0,y=b,z=0,z=c,
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Q.43.  Apply divergence theorem to show that H [(x*—yz)i—-2X’y j+2k]nds = % ,where S denotes
the surface of the Cube bounded by the planes x=0 ,x=a ,y=0, y=a, z=0, z=a

Q.44. Evaluate J'J' E ﬁds where F = x?— y }+ (z° —1)I2 and S is a closed surface bounded by planes
z=0,z=1and the cylinder x*+y?=4 (Also verify gauss’s divergence theorem.)

Q.45.  Verify the Divergence theorem for the function F = 2x2yiA— y? }+ 4xz2k taken over the
region in the first octant bounded by y*+z°=9 and x=2.

Q.46.  Using Gauss’s Divergence theorem find ” E rA1ds where F- (2x+32) i- (xz+Yy) }+ (y* + 22)I2

and S is the surface of the sphere with centre (3,-1,2) and radius 3. [Nov. 2019]
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GREEN’S THEOREM : Let C be a regular, closed, positively-oriented curve enclosing a region
D, F(x,y) =R NI +Fxy)].

OF,(xy) _ R (%, y)}dxdy

§ R0 y)dx+ F, (x, v)dy = [ { ~ ay

Q.47.  Using Green’s theorem to evaluate _[(xz ydx + y>dy) where C is the closed path formed by y=x

and y=x3from(0,0) to (1,1)
Q.48.  Verify Green’s theorem for I[(xy + y?)dx + x2dy] ,where C is bounded by y=x and y=x>.

Q.49.  Using Green’s theorem to evaluate j [(xy + x*)dx + (x* + y*)dy] where C is the square formed

by the lines y =41, x==+1
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